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Abstract: The aim of this article was to present a new
thermodynamic-based model for bone remodeling which
is able to predict the functional adaptation of bone in
response to changes in both mechanical and biochemical
environments. The model was based on chemical kinetics
and irreversible thermodynamic principles, in which bone
is considered as a self-organizing system that exchanges
matter, energy and entropy with its surroundings. The
governing equations of the mathematical model have been
numerically solved using Matlab software and imple-
mented in ANSYS software using the Finite Element
Method. With the aid of this model, the whole inner struc-
ture of bone was elucidated. The current model suggested
that bone remodeling was a dynamic process which was
driven by mechanical loading, metabolic factors and other
external contributions. The model clearly indicated that in

the absence of mechanical stimulus, the bone was not com-
pletely resorbed and reaches a new steady state after about
50% of bone loss. This finding agreed with previous clini-
cal studies. Furthermore, results of virtual computations of
bone density in a composite femur showed the develop-
ment of a dense cortical bone around the medullary canal
and a dense trabeculæ bone between the femoral head and
the calcar region of the medial cortex due to compressive
stresses. The comparison of the predicted bone density
with the structure of the proximal femur obtained from X-
rays and using strain energy density gave credibility to the
current model. � 2010 Wiley Periodicals, Inc. J Biomed
Mater Res 95A: 9–24, 2010
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INTRODUCTION

The clinical outcome of orthopedic implant proce-
dures relies on many factors, but there is general
agreement that two issues are of paramount impor-
tance. The first is the mechanical stability, which
depends on implant migration, and shedding partic-
ulate matter from the implant surface.1 The second
is the pattern of bone ingrowth and adaptive bone
remodeling (stress shielding) resulting from the com-
plex interaction of strain patterns, implant material

and structural properties and bone characteristics.2

Bone remodeling is of considerable concern because
it can result in a significant amount of bone resorp-
tion in the vicinity of the implant.3 Bone remodeling
thus requires attention in the follow-up of clinical
cases and in the design process of new prostheses.

Several mathematical models have been proposed
to explain the relationship between mechanical
forces and bone structure. These models can be clas-
sified into three groups: Mechanical, mechanobiolog-
ical, and biochemical.4–13

Mechanical theories of bone adaptation have been
previously developed to predict changes in bone
shape- and density-based different kind of mechani-
cal stimuli, e.g., stress, strain, strain energy density,
mechanical damage.4,7,14,15 These models are based
on Wolff’s Law (i.e., ‘‘use it or lose it’’) and generally
yield a time rate of change of bone density to a me-
chanical stimulus. These continuum models have
achieved some success in predicting normal bone
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architecture. However, as Huiskes et al.7 pointed out,
they involve three major deficiencies. First, they use
mechanical stress or strain to predict bone remodel-
ing behavior, without considering biological mecha-
nisms. Second, they consider bone as a continuum
material, for which only the theories of linear elastic-
ity are valid. Third, the theories behind these models
are (quasi) static ones, thus effects of load rates and
nonlinear (visco-elastic) properties are not included.

Mechanobiological models were initially intro-
duced via Frosts’ ‘‘mechanostat’’ theory.16 This
theory proposes that bone adapt its strength to keep
the strain caused by physiological loads close to a
set-point. If strain levels exceed a set-point, new
bone is formed, and below this set-point, bone is
removed. The mechanostat is a qualitative theory
because the set-point is not specified; nevertheless,
this theory was the basis for the development of sev-
eral new mathematical and computational models to
study bone adaptation.10,13,17,18

Biochemically, few models have been based on the
activities of bone cells known as osteoclasts and
osteoblasts have been developed to obtain insight
into the bone remodeling process at the cellular level.
The first of this kind of model described the differen-
tial activity of Parathyroid Hormone as a regulator
for bone resorption and formation.19,20 The second
model demonstrated the critical role of hormones
such as autocrine and paractine in the regulation of
bone remodeling.21 The third model proposed a sig-
naling pathway known as RANK/RANKL/OPG (i.e.,
receptor activator of proteins and genes is known to
play a key role in bone remodeling) to regulate bone
cells activities.12 While these cell-based models give
insight into bone regulation mechanisms considering
metabolic factors, none of them considered the me-
chanical stimulus which plays an important role in
load-induced bone remodeling.22 However, in order
to improve the understanding of bone remodeling, it
is crucial to include all factors (i.e., mechanical, bio-
logical, and biochemical) concurrently.

A relatively new model (a biochemomechanical
model) for bone resorption which does not fall
exclusively into each of the aforementioned catego-
ries was proposed by Rouhi et al.11 This model is
based on the mixture theory combined with chemi-
cal reactions. The model may be useful for modeling
growth and adaptation of biological tissues.

To the authors’ knowledge, however, no prior
investigations have been based on nonequilibrium (or
irreversible) thermodynamic principles, in which the
bone is considered as a self-organizing system that
exchanges matter, energy, and entropy with its sur-
roundings. Thus, the use of irreversible thermody-
namics to link the mechanical factors to the metabolic
(chemical and biological) ones has not been assessed.
This may increase the potential of the model to inves-

tigate bone resorption related diseases such as osteo-
porosis and provide more insight into stem cell ther-
apy, by controlling the process of bone remodeling.
This can be achieved by integrating the bone growth
control pathways such as RANK-RANKL-OPG path-
way.23 Virtually, bone tissue can be amenable to cel-
lular therapy and only preclinical models and subse-
quent clinical treatment can identify the susceptibility
of a given disease to such therapy. The current model
is a starting point to reach this goal.

The purpose of this study was to introduce a new
thermodynamic-based framework for bone remodel-
ing. It was hypothesized that the dynamic loading is
linked to metabolic biological and chemical factors.
Outcome simulations included time evolution of
bone concentration and effects of mechanical and
metabolic parameters. The results were compared
with clinical data and a finite element model using
strain energy density developed previously by some
of the authors to investigate bone remodeling in a
new biomimetic composite hip stem.24

MATERIALS AND METHODS

Biochemical description of bone
remodeling process

Bone remodeling is a complex process performed by the
coordinated activities of bone cells known as osteoblasts
and osteoclasts. This process can be divided into three
stages: bone resorption, formation, and growth control. In
the proposed model, the authors focused on bone resorp-
tion and formation.

The governing chemical reactions for both bone resorp-
tion and formation were formulated based on the existing
knowledge of bone cell regulation and interaction.25 The
developed chemical reactions (q 5 1–5) were amended
based on the assumption that, in nature, structures are
well optimized (i.e., ‘‘little waste’’).26 In other words, prod-
ucts resulting from bone decomposition (D7) participated
in formation of new bone. All considered chemical reac-
tions describing the mechanism of bone remodeling (q 5
1–5) had the general form of Menten-Michaelis enzyme
reaction27,28 (see Appendix A), i.e.,

Substrate½ � �
kþ

k�
Product½ �

The only cells that are able to resorb bone tissue are osteo-
clasts. To be active, they need to be coupled in multinucleated
complex, whose formation can be described as follows:

D1 þMCELL �
kþ1

k�1

MNOCþD4 ðq ¼ 1Þ

where D1 is mixture of substances that are initiating the
reaction with mononuclear cells (MCELL). MNOC refers to
multinucleated osteoclasts and D4 is a remaining product
from the qth reaction.
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The osteoclast cells break down bone by acting on bone
to erode minerals and the matrix. This action was
described by the following reaction:

MNOCþOld B �
kþ2

k�2

D6 þD7 ðq ¼ 2Þ

where Old B is the abbreviation for old bone, and D6 and
D7 are products made during bone decomposition. Because
biological processes are well optimized, a part of the prod-
uct D7 participated in the activation of osteoblasts.

Before osteoblasts (OB) repair and fill the eroded cav-
ities, they need to be activated by the activator (Activ OB),
which is produced after bone resorption. The action of
osteoblasts was described as follows

D7 þOld B �
kþ3

k�3

Activ OBþD9 ðq ¼ 3Þ

Activ OBþOB �
kþ4

k�4

OsteoidþD12 ðq ¼ 4Þ

where D12 is a remaining substratum.
The final stage of remodeling was bone calcification.

The bone surface is restored and covered by a layer of lin-
ing cells according to:

D13 þOsteoid �
kþ5

k�5

New BþD15 ðq ¼ 5Þ

where D13 is the substratum, that initializes mineralization
of osteoid, New B is the abbreviation of new bone formed
by remodeling process and D15 is the residue of bone for-
mation reaction.

The aforementioned chemicals equations (q 5 1, 5)
described the two most important stages in bone remodel-
ing, i.e., formation and resorption.

Thermodynamic description of bone
remodeling process

Bone remodeling as a coupled process of bone resorption
and formation can be viewed as an open thermodynamic
system that operates far from equilibrium. In this way, non-
equilibrium thermodynamic principles developed by Prigo-
gine29 were applied to describe interactions between the
mechanical loading and chemical reactions (Fig. 1).

The second law of equilibrium thermodynamics allows
the expression of entropy and the absolute temperature in
terms of mechanical (2pdV), chemical (ldN), and electrical
(/dq) contributions etc. The fundamental equation of ther-
modynamics30 (i.e., Gibb’s equation) in differential form
were given by the following equation

dU ¼ Tdrþ ldN þ pdV þ /dqþ etc:

According to the second law of thermodynamics, the en-
tropy production for a living tissue-like bone was always
positive and was represented by integrating the aforemen-
tioned relationship to obtain29

Tr Sð Þ ¼ pd 1ð Þ þ wqAq þ
X

a
ja:rla na; p;/; etc:ð Þ � 0 ð6Þ

where d 1ð Þ ¼ div vð Þ ¼ @v1

@x1
þ @v2

@x2
þ @v3

@x3
¼ � _q

q (i.e., continuity
equation) is the rate of deformation tensor, p is a mechani-

cal energy concentration or pressure, wq and Aq are the
chemical reaction rate and affinity of qth reaction, respec-
tively. The sum

P
a
ja:rla na; p;/; etc:ð Þ is the rate of en-

tropy production and ja(jq,jDa,je, etc.) represents the fluxes
of chemical component a which include the heat flux (jq 5
2k!T, Fourier’s law), diffusion flux (jDa 5 2D!C, Fick’s
law) and bioelectrical flux (je 5 2k!/, Ohm’s law).

Cowin et al.31 showed that all fluxes are driven by the
gradients of concentrations na, pressure p and bioelectrical
potential / according to the following relation

jq; jDa; je
� �T¼ L rna;rp;r/ð Þ ð7Þ

where L is the matrix of phenomenological coefficients.
These coefficients must be determined experimentally or
estimated on the base of corresponding biophysical models
using Onsager symmetrical rules,32,33 which are similar to
Maxwell’s relations in thermodynamics.

In the present study, it was assumed that bone remodel-
ing was mainly driven by the interaction between the me-
chanical and chemical fluxes or forces, thus Eq. (6) was
simplified as follows:

Tr Sð Þ ¼ pd 1ð Þ þ wqAq ð8Þ
The cross-coupling effects between the pressure (p) and
chemical reactions rates (wq) was expressed by Onsager’s
relations as follows32,33

p ¼ lvvd 1ð Þ þ lvqAq ð9Þ
wq ¼ lqvd 1ð Þ þ lqqAq ð10Þ

here lvv, lqq are called direct coefficients related to the vis-
cosity and the chemical reaction rate, respectively, lvq, lqv
represent the cross coefficients resulting from the coupling.
These cross-coefficients must satisfy the Osanger’s recipro-
cal relation, i.e., lvq 5 lqv and also satisfy the second law of
thermodynamics.

By substituting Eqs. (9) and (10) into Eq. (8), Osanger’s
reciprocal relation and the second law of thermodynamics
was satisfied under the following constraints [Appendix D,
Eq. (D1)]:

lvv > 0 and lqq > 0 ð11Þ

Figure 1. Schematic process of bone remodeling viewed
as an open thermodynamic system.
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and

q ¼ lvqffiffiffiffiffiffiffiffiffiffiffi
lvvlqq

p 2 �1; 1ð Þ ð12Þ

where q denotes the coupling parameter.

The role of coupling between mechanical
loading and chemical reaction

From the recent analyses of reaction efficiency,34 the effi-
ciency of interaction H can be defined which describes the
‘‘efficiency’’ of the transformation of chemical energy into
mechanical activity.

H ¼ wqAq

pd 1ð Þ þ wqAq
ð13Þ

To elucidate the role of mechanical loading in remodeling,
the dependence of the ‘‘efficiency’’ H on the coupling q
was be investigated The ratio of d(1), Aq was denoted as

d ¼
ffiffiffiffiffiffi
lqq
lvv

s
d 1ð Þ
Aq

ð14Þ

By replacing Eq. (14) into,13 the following correlation was
obtained

H ¼ dqþ d2

1þ 2dqþ d2
ð15Þ

The quantity H serves to estimate the sign of wq. The de-
nominator of Eq. (15) is always positive, due to the second
law of thermodynamic [Eq. (8)], therefore the sign of H is
equal to the sign of the product wqAq.

In nature, all systems, including living tissues, are well
optimized.35 Accordingly, we can assume that the efficiency
described by Eq. (15) should have the absolute highest
(maximum) value, i.e., Hmax 5 Hmax (d(1), Aq) 5 Hmax (d).

Positive Hmax is reached for d ¼ � 1
q � 1

q

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
and the

minimal H is reached for d ¼ � 1
q þ 1

q

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
. Hmax is nega-

tive , �8 1� q2
� �5=2þ 8� 20q2 þ 15q4 � 3q6 � 0 which is

satisfied for most values of q ranged between 21 and 1

[Eq. (12)], thus the real effect of chemical reaction is

Hmax ¼ 1� 1

2

q2ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� q2

p
1� ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� q2
p� � ð16Þ

The driving force for all chemical reactions described by
equations (q 5 1–5), which has the general Menten-

Michaelis reaction form i:e:; S �
kþ

k�
P

� �
are affinities Ar,

which can be positive or negative depending on the values
of chemical potentials of products and substrates. For Aq

> 0 (chemical potential of product lp is greater than chem-
ical potential of substrate ls), the chemical reaction pro-
ceeds in the direction S ? P and its rate is wq > 0. For the
Aq < 0 (chemical potential lp 2 ls � 0), the corresponding
chemical reaction cannot proceed spontaneously and a
positive rate wq > 0 is guaranteed only by mechanical
loading lqvd(1), see Equation (10). Physiological remodeling
corresponds to wq > 0.

The aforementioned analysis was interpreted as follows:

1 For Aq < 0, wq > 0 the quantity has to be negative
H < 0, as in Eq. (13). It corresponds to the ratio Hmin,
which is again positive for 21 < q < 0 and negative
for 0 < q < 1. In the case of one chemical reaction,
any compression d(1) < 0 and any expansion d(1) > 0
cannot convert the ‘‘efficiency’’ to some positive value.
In the case of negative affinity, only mechanical load-
ing cannot drive the chemical reaction. From this con-
sideration, it was evident that inappropriate bone
chemistry cannot be replaced by physical exertion.

2 For Aq > 0, wq > 0, the chemical reactions are run-
ning spontaneously, and the quantity H is positive. It
corresponds to the ratio dmax, which can be both posi-
tive (for 21 < q < 0) and negative (for 0 < q < 1).
From Eq. (14), it was evident that for expansion d(1) >
0 is dmax > 0 (q is negative) and for compression d(1)
< 0 is dmax < 0 (q is positive). For both cases ‘‘effi-
ciency’’ Hmax � 1.

3 With no coupling (q 5 0, or d(1) 5 0), there is no cross
coefficients effect, which corresponds to Hmax 5 1.
Hence, it follows that the dynamic loading has a
stimulatory effect (i.e., periodic changing of compres-
sion and expansion) on remodeling.

4 Bone remodeling is a complex process which involves
many chemical reactions. The actual form of the effi-
ciency for the 5 chemical reactions (q 5 1, 5) is given by

H ¼

P5
q¼1

wqAq

pd 1ð Þ þ
P5
q¼1

wqAq

ð17Þ

The reaction may run even in a case when some chemical
reactions have negative affinity Aq. Then the influence of
such reaction Aqwq is compensated by the enhanced effi-
ciency of the other reactions.

Kinetics of chemical reactions

Bone is considered to be a self-organizing system (open sys-
tem) that exchanges matter energy and entropy with its sur-
roundings. Time evolution of the concentrations of all biochem-
ical components of the bone is described by the set of differen-
tial equations, which are formulated on the bases of chemical
kinetics approach (i.e., Michaelis-Menten reactions27,28) and
nonequilibrium thermodynamics29 (Appendix A).

Using the rate law or rate equation for a chemical reac-
tion (i.e., an equation which links the reaction rate with
concentrations or pressures of reactants and constant pa-
rameters36,37), the change of the concentration of chemical
substances in the point x : (x1, x2, x3) and time t has the
following set of differential equations [Appendix B, Eq.
(B1) for the derivation)

d

dt
n½ � ¼ _ni ¼

X5
q¼1

ðm0qi � mqiÞwq ð18Þ

where the dot indicates differentiation with respect to time
t. i 5 1, 2, . . . , 15 and refers to the chemical substances
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MCELL, MNOC. . .,D7,. . .,D15, mqi is the stoichiometrical
coefficient of ith chemical component for substrates and
mqi0 is the stoichiometrical coefficient of ith chemical com-
ponent of products.

The system of differential equations (18) can be expressed
in dimensionless form by scaling variables utilizing a modi-
fied version of the notation used by Ignetik and Deakin,28

and Heineken et al.38 [Appendix A, Eq. (A3)].

s ¼ tkþ2nB0;Ni ¼ ni=nB0; dq ¼ kþq

�
kþ2; bi ¼ Bi=nB0;

Dq ¼ lqvd 1ð Þ
�
kþ2n

2
B0; Ji ¼ ji

�
kþ2n

2
B0

ð19Þ

where s is time, Ni is the rate of concentration of the ith
substance, dq is the ratio of rate of (qth reaction to second
reaction, Dq is the parameter that describes the influence
of dynamical loading on rate of qth chemical reaction, bi

is the concentration of the ith substance and nB0 is the
sum of initial molar concentration of relevant substances
and ji are fluxes of substances, one gets the set of equa-
tions39

_NMCELL ¼ @NMCELL

@s
¼ �d1ðb1 þNMCELLÞNMCELL

þ J3 þ JNew B �D1;

_NOld B ¼ @NOld B

@s
¼ �ðb3 �NMCELL þNOld B

þNActiv B þNOsteoid þNNew BÞNOld B

�d3½b7�NOld B�2ðNActiv OBþNOsteoidþN14Þ�NOld B

þ 2JNew B �D2 �D3;

_NActiv B ¼ @NActiv B

@s
¼ d3ðb7 �NOld B � 2ðNActiv B þNOsteoid

þNNew BÞÞNOld B � d4ðb10 �NOsteoid

�NNew BÞNActiv OB þD3 �D4;

_NOsteoid ¼ @NOsteoid

@s
¼ d4ðb10 �NOsteoid�NNew BÞNActiv OB

� d5ðb13 �NNew BÞNOsteoid þD4 �D5;

_NNew B ¼ @NNew B

@s
¼ d5 b13 �NNew Bð ÞNOsteoid � JNew B þD5;

ð20Þ
Equation (20) admits a positive periodical solution that
describes the remodeling [Appendix C, Eq. (C1)]. Time
evolution of concentrations of MCELL, Old B, Activ B,
Osteoid, New B are determined by solving the kinetic
chemical equations (20). The concentrations of all remain-
ing chemical substances (i.e., 15 chemical substances) can
be calculated using relations [Appendix B, Eq. (B1)].

Construction of the CAD model of the femur

The bone remodeling algorithm (Fig. 2) described by the
system of equations (20) was tested in a standard proximal
femur. The idea was to qualitatively simulate bone adapta-
tion due to daily walking activity. Computed tomography
(CT) scans of a large, left, synthetic ‘‘fourth generation femur’’
(Model #3306, Pacific Research Labs, Vashon, Washington)
were performed at intervals of 0.5 mm along the length of
the femur yielded cross-sectional outlines of both cancellous
and cortical bones. MIMICS software (Materialise, NV) was

used to produce the three-dimensional (3D) geometry of the
femoral bone. MMICS allows CT images to be imported for
visualization, segmentation, and calculation of 3D objects.
Masks were created through specific threshold settings (i.e.,
min: 1250 and max: 2637) and targeted regions of the femur
were selected based on gray values (i.e., density values, see
Fig. 3). The masks, which are visible on the corresponding
axial, coronal, and sagittal views, were edited in 3D or in
individual views so that only the desired regions were
selected. Finally, the 3D CAD model of the femur was gener-
ated from a desired mask and exported as an initial graphics
exchange specification (IGES) file into an FE package.

The original density and the elastic modulus of the simu-
lated cortical (short fiber filled epoxy) and cancellous (rigid
polyurethane foam) based on CT scan and ASTM D-638, D-
695, D-1621 tests were equal to 1.64 g/cm3, 16.7 GPa and 0.32
g/cm3, 137 MPa, respectively. For the numerical simulations,
the bone was considered as a linear transversely isotropic
material with (Ex 5 Ey 5 17 GPa and Ez 5 21 GPa).40 The
initial density of the composite bone was assumed to be
equal to the average value of both bones, i.e., q0 5 (0.32 þ
1.64)/2 5 0.98 (g/cm3). The material properties of the bone
in the first time step depended on the initial value of bone
density; in the next time steps the properties changed with
bone concentration of old and new bone. A number of case
studies have shown that the initial bone density does not
have a significant influence on the final density distribution.41

Formulation into ANSYS

Calculation of stresses and strains in the bone

The stress fields were calculated using a modified ver-
sion of Hook’s law,42 that is, the sum of the elastic stress
due to elastic deformation (Hook’s law) and the dissipative
stress due to plastic deformation and viscosity is,

rij ¼ r elð Þ
ij þ r dissð Þ

ij ð21Þ
The elastic stress follows Hook’s law below,

r elð Þ
ij ¼ Cijklekl; 2ekl ¼ @uk

@xl
þ @ul
@xk

� @um
@xk

@um
@xl

ð22Þ

where Cijkl is the stiffness matrix and ekl is the tensor of
deformations and u is the displacement vector.

Bone was assumed to be a transversely isotropic mate-
rial, which was defined by five independent elastic con-
stants defined by43

c1111 ¼ 1� m23m32
E2E3D

; c2222 ¼ 1� m13m31
E1E3D

; c3333 ¼ 1� m12m21
E1E2D

c1212 ¼ c2112 ¼ c2121 ¼ c1221 ¼ G12;

c1313 ¼ c3113 ¼ c1331 ¼ c3131 ¼ G31;

c2323 ¼ c3223 ¼ c2332 ¼ c3232 ¼ G23;

c3322 ¼ c2233 ¼ m32 þ m12m31
E1E3D

¼ m23 þ m21m13
E1E3D

c1122 ¼ c2211 ¼ m21 þ m31m23
E2E3D

¼ m12 þ m32m13
E1E3D

D ¼ 1� m12m21 � m23m32 � m31m13 � 2m21m32m13
E1E2E3

ð23Þ
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The dissipative stress due to viscosity and plasticity fol-
lows Eq. (9) and was,

r dissð Þ
ij ¼ lmd 1ð Þ þ

X
lvqAq ð24Þ

Because bone is a dynamic living tissue that updates its
structure to the applied load, the stiffness matrix coeffi-
cients are not constant but vary with the dynamic load
and the concentration of the old and new bone [see Eq.
(31)]

Cijkl ¼ Cijkl Old B;New B½ � ¼ Cijkl Old B d 1ð Þ
� �

;New B d 1ð Þ
� �� 	
ð25Þ

To find the relationship between the elastic constants and
the constants of old and new bone, the total stress-strain in
the bone must be expressed as a function of the concentra-
tions. If the elastic constants of old bone (OB) were
denoted by Cijkl(OB) and its deformation by ekl(OB), then
the stress undertaken by the old bone was

rij OBð Þ ¼ Cijkl OBð Þekl OBð Þ ð26Þ
Analogously, the stress for the new bone was

rij OBð Þ ¼ Cijkl OBð Þekl OBð Þ ð27Þ
The total stress in the bone was given by

rij ¼ rij OBð Þ þ rij NBð Þ ¼ Cijkl OBð Þekl OBð Þ þ Cijkl NBð Þekl NBð Þ
¼ Cijkl OBð Þ ekl OBð Þ

ekl
þ Cijkl NBð Þ ekl NBð Þ

ekl


 �
ekl ð28Þ

Figure 2. Iterative process of the thermodynamic bone
remodeling. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

Figure 3. Generation of the 3D geometry of the femur from CT scans using MIMICS. [Color figure can be viewed in the
online issue, which is available at wileyonlinelibrary.com.]

14 BOUGHERARA ET AL.

Journal of Biomedical Materials Research Part A



From Eq. (26) a plausible assumption between the concen-
trations and the deformation was drawn from load sharing
rule43

ekl OBð Þ
ekl

/
nOB

n V�
OB

nOB

n V�
OB þ nNB

n V�
NB

;
ekl NBð Þ

ekl
/

nNB

n V�
NB

nOB

n V�
OB þ nNB

n V�
NB

ð29Þ
with n 5 nOB þ nNB.

Equation (29) means that the ratios of the components
of the deformation tensor reflect more volume fraction.
VOB

* and VNB
* were the molar volumes of the old and new

bone respectively. The concentrations nOB, nNB were calcu-
lated from the biochemical model [Eq. (20)].

By replacing Eq. (29) into Eq. (28), the relationship was
obtained between the stress-strain and the concentrations
of old and new bone, as follows,

rij ¼
 
CijklðOBÞ

nOB

n V�
OB

nOB

n V�
OB þ nNB

n V�
NB

þ CijklðNBÞ
nNB

n V�
NB

nOB

n V�
OB þ nNB

n V�
NB

!
ekl ð30Þ

The elastic constant of the bone were

Cijkl ¼ Cijkl OBð Þ
nOB

n V�
OB

nOB

n V�
OB þ nNB

n V�
NB

þ Cijkl NBð Þ
nNB

n V�
NB

nOB

n V�
OB þ nNB

n V�
NB

ð31Þ

Calculation of density and elastic moduli
of the bone

The density in each element of the bone is related to the
initial density and the normalized concentrations of the
new and old bone according to the following law of mass
and mixture36

q Ið Þ ¼ q0 NOld B Ið Þ þNNew B Ið Þð Þ ð32Þ
In each element, the elastic modulus was updated using
an amended version of the empirical power law relation-
ship proposed previously by Carter et al.44

EðIÞ ¼
 
EOld

"
NOld B

NOld B þNNew B

#

þ ENew

"
NNew B

NOld B þNNew B

#! 
qðIÞ
q0

!3

ð33Þ

The aforementioned Eqs. (32) and (33) for calculating
the updated material properties differed substantially from
existing experimental and empirical relationships.45–48

These relationships are well documented by Helgason
et al.49

Calculation of the dynamic loading

ANSYS FE calculates only the deformation (i.e., sum of
principal strains also known as the trace of the strain) and
stresses in each element of bone. To determine the rate of

the deformation tensor d(1) (i.e., strain rate), the deforma-
tion e(1) with respect to time t must be derived,

d 1ð Þ Ið Þ ¼ de 1ð Þ Ið Þ
dt

� De 1ð Þ Ið Þ
Dt

� e 1ð Þ Ið Þ
Dt

ð34Þ

where e(1)(I) is the trace of the strain (i.e., sum of the princi-
pal strains) in the element (I). Dt is the time of loading. Equa-
tion (34) includes the influence of frequency of loading on
bone remodeling. This frequency of loading is proportional
to the strain rate (de(1)(I)/dt) and thus inversely proportional
to dt. Torcasio et al.50 provide a more detailed explanation of
the relationship between strain rate and frequency.

As constants defining the model parameters are more or
less still unknown (k6q, rate of chemical reactions; Ni, normal-
ized concentrations of several substances), it can be assumed
based on Hook’s law, that a linear relationship exists between
the influence of the strain rate on the qth chemical reaction
Dq and the rate of the deformation tensor d(1)

Dq Ið Þ ¼ Cd 1ð Þ Ið Þ ¼ C
e 1ð Þ Ið Þ
Dt

ð35Þ

where C is a constant, which can be defined similarly to
Huiskes reference strain relationship,7 as the ratio of the
influence of the reference strain rate on the qth chemical
reaction and the reference strain rate is,

C ¼ Dq refð Þ
S refð Þ ð36Þ

The reference strain distribution was found by performing
an FE analysis of the intact femur (site-specific remodeling
rule4,24). The physiological strain and strain rate for the
bone (i.e., references values) are between 3000 and 4000
lstrain and between 0.01 and 0.1 s21, respectively.51 Values
of 3500 lstrain and 0.05 s21 were used in the present FEA.

As the dynamic loading is always positive, the combina-
tion of Eqs. (35) and (36) led to

Dq Ið Þ ¼¼ 1

Dt

e 1ð Þ Ið Þ�� ��
S refð Þ Dq refð Þ ð37Þ

In case the strain rate is equal to the reference strain rate
then Dq(I) 5 Dq(ref)

Dq Ið Þ ¼ d 1ð Þ Ið Þ�� ��
S refð Þ Dq refð Þ ¼ 1

Dt

e 1ð Þ Ið Þ�� ��
S refð Þ Dq refð Þ ð38Þ

The absolute value of dynamic load was used because the
compressive load is always followed instantly by an expan-
sion and the tensile one by reduction. Thus, both types of
load (i.e., compression and tension) may have the same
effect on bone remodeling.51 This can be explained by the
fact the production of entropy always has to be positive.

RESULTS

Verification of the thermodynamic bone
remodeling model

A numerical code was generated in both MATLAB
and ANSYS software to solve the bone remodeling
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process describing the system of differential equa-
tions (20). The iterative process started from a con-
stant bone density and ended with variable density
at the equilibrium state. The equilibrium state was
obtained when the time evolution of properties (i.e.,
density and elastic modulus) remained unchanged.
Figure 4 represented the time evolution of the elastic
modulus in the longitudinal direction (direction of
osteons, EZZ) in two different zones of the bone ver-
sus the number of iterations (N). As can be seen, val-
ues of (EZZ) decreased with the increase of (N) and
the steady state was reached after 40 iterations.

To verify the efficiency of FE model, the current
bone configuration was compared to the frontal lon-
gitudinal midsection of upper femur from clinical
observation.52 Prediction of bone density in the com-
posite femur using the BRT model [Fig. 5(b)] showed
a good agreement with X-rays of a healthy femur
[see Fig. 5(a)]. The development was seen of dense
cortical bone around the medullary canal and dense
trabeculæ bone between the femoral head and the
calcar region of the medial cortex due to compres-
sive stresses.

The thermodynamic model was also compared
with the classical adaptive bone remodeling model
developed previously and Weinans et al.4 and used
by some of the authors to investigate bone remodel-
ing in a new biomimetic hip prosthesis.24 This model
used the strain energy density (SED) as the mechani-
cal stimuli that launches and controls bone remodel-
ing process. By comparing bone density distributions
using both models (i.e., strain energy and thermody-
namic based models; Fig. 6), the architecture of the
femoral bone was, in general, found comparable. The
clear formation was noticed of cortical and cancellous
bone in both models. However, the main difference
was observed in the range of values of bone density
in the proximal part of the femur. This may be due
to the boundary conditions used in the classical

model. For instance, values of starting and ending
points for the predicted apparent density were con-
stant in the strain energy based model, (i.e., the appa-
rent density varied between 00.1 and 1.74 g/cm3).4,7

In the thermodynamic model, these limits vary with
the bone metabolism (i.e., the initial bone concentra-
tion, chemical rates etc.). However, this difference
may also be attributed to the fact that the strain
energy based model considered the strain as the driv-
ing force for bone remodeling process [Eq. (22)], but
the thermodynamic model considered both the strain
rate and the chemical affinity [see Eq. (24)].

Simulation of bone remodeling reality

To simulate the reality of bone remodeling model,
a normalized time for normal walking was approxi-
mated by a stepwise function [Fig. 7(a)]. These steps
represented the mean values of dynamic loading.
This approximation for normal walking was based

Figure 4. Time evolution of the elastic modulus in z direction (EZZ) in two different zones of the femoral bone versus the
number of iteration. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 5. Inner structure of the proximal femur, (a) X-ray
of a natural femur, (b) structure of the composite femur
predicted by the TBR model. [Color figure can be viewed
in the online issue, which is available at wileyonlinelibrary.
com.]
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on time transformation estimation of changes in
bone. The bone remodeling cycle was assumed to
last 	250 days.25 According to the current model,
changes in bone became evident in roughly 25–50
days which corresponded to reality.53 Time evolu-
tion of concentration of old and new bone were pre-
sented in Figure 7(b), which shows how remodeling
process proceeds in the human body as an open
thermodynamic system.

Effect of mechanical loading

Most studies agreed that dynamical loading plays
a crucial role in bone remodeling.53 In this investiga-

tion, only the five parameters describing the influ-
ence of the dynamic loading (Dq, q 5 1,. . .5) were
assumed to vary throughout the bone. All the other
parameters were assumed to be constant throughout
the whole bone and independent of time. All the cal-
culated results for the effect of mechanical loading
are a consequence solely of dynamic loading as a
control factor.

The effect of the dynamic loading on bone density
is shown in Figure 8. The bone density increased
with the mechanical loading. However, without me-
chanical loading, the bone was partially lost and
reached a new steady state after about 50%. Notice
that bone loss was not complete; this means that in
the absence of mechanical stimuli bone maintenance
was driven by other mechanisms including meta-
bolic factors (chemical and biological) and/or other
external contributions such as nutrition. This was
consistent with an animal study on immobilized dog
bones, indicating that after a prolonged period of
disuse, trabecular bone was rapidly lost and reached
a new steady state after about 50% bone loss.54

Figure 9 showed the upper and lower limits of
mechanical loading. These upper and lower limits
were obtained for the following values of the influ-
ence of dynamic loading, Dq51,. . .,5 5 6 and Dq51,. . .,5

5 0.3, respectively. As can be seen, inadequate
dynamic loading (e.g., excessive loading or small
loading) led to either bone densification or bone
resorption, which may in turn increase the risk of
bone fracture. Several clinical studies showed that
bone stress fractures could result from excessive
loading.55 In addition, other clinical studies con-
firmed that, after hip arthroplasty, higher load could
cause bone densification around the distal tip of the
implant and possible fracture in the patient femur
may occur.56,57

Figure 6. Bone density distribution in the femur using:
(a) strain energy-based model and (b) thermodynamic-
based model. [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]

Figure 7. Approximation of reality of bone remodeling: (a) normalized time for walking and (b) time evolution of bone
density (new bone versus old bone). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.
com.]
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Effect of some metabolic factors (concentrations of
active osteoblasts and osteoid)

To illustrate the effect of some metabolic factors,
the concentrations of the 7th and 10th substances, b7

and b10, were chosen which corresponded to the
concentrations of active osteoblast and osteoid,
respectively. These concentrations represent the sum
of corresponding initial concentrations. For instance,
the concentration of osteoid is b10 5 n10,0 þ n11,0 þ
n14,0 [see Appendix B, Eq. (B1)]. Their respective
effects on bone concentration are presented in Fig-
ures 10 and 11. As can be seen, the concentrations of
old bone and new bone are very sensitive to the var-
iation of b7 and b10. In the absence of dynamic load-
ing, the bone is rapidly lost and reaches a new
steady state after 	50% bone loss for b7 52.62. How-

ever, increasing b7 from 2.62 to 3.62 restore bone
loss. This means that an increase in active osteoblast
concentration implies an increase in bone deposition
and therefore prevents bone from resorption.58 The
total bone concentration (i.e., some of the concentra-
tion of old bone and new bone) at the steady state is
approximately equal to 0.75. In the case of dynamic
loading, the increase of b7 increases the concentra-
tion of bone from 1.17 to 1.79 (i.e., 	35% increase in
bone concentration). Figure 10 shows the effect of
b10 on the bone concentration. In the case of
dynamic loading, increasing b10 from 2.28 to 3.28,
increases the concentration of bone by 	15%. The
effect of b10 on bone concentrations is less pro-
nounced than the effect of b7, which may be
explained by the fact that the mineralized volume is
much bigger (by 	4 times) than the osteoid volume.9

Figure 8. Effect of dynamical loading on bone density.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 9. (a) Upper and (b) lower limits of dynamic loading. [Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 10. Effect of metabolic factor b7 on bone density.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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Effect of the frequency of loading

It is known that, for example, swimming is not
nearly as good as walking as a stimulus for bone
remodeling.59,60 The frequency of loading is propor-
tional to the strain rate.50 To illustrate the effect of
activity on bone remodeling, a smaller frequency
corresponding to Dt 5 7s was compared to the one
corresponding to Dt 5 1s. As shown in Figure 12,
decrease of frequency resulted in significant decrease
in density throughout the whole bone and likely
higher strain occurred.44,61,62 At Dt 5 1s, the bone
density of the new bone (at the ending point) is
	1.26 g/cm3, however, this value drops to 0.8 g/cm3

when Dt 5 7s. A recent clinical study in young
women with low bone mineral density (BMD) has
shown that high-frequency mechanical signals are
likely to enhance bone mass and extremely low-fre-
quencies are anabolic to bone tissue.63 Another clini-
cal study also revealed that high-impact exercise
(high strain rates or frequencies) enhanced bone for-
mation.59

Effect of nutrition

Several prior studies show that nutrition (e.g.,
vitamin D) plays an important role in the mainte-
nance of bones.64,65 Vitamin D is essential in the de-
velopment of an intact and strong skeleton, and it
promotes bone formation and mineralization. Kita-
zawa et al.66 and Watson et al.67 showed that in the
case of continuous release of parathyroid hormone
(PTH) a net increase in bone resorption and osteo-
blast and osteoclast concentrations were observed.
As bone remodeling is primed by PTH as well as
vitamin D,68 it can be supposed that nutrition acts
directly on osteoblast and osteoclast concentrations
of Eqs. (1) and (5), precisely on b1 and b13. To simu-
late the effect of nutrition on bone remodeling, a
constant rate for nutrition equal to concentration b1

(i.e., 1.23/day) was assumed. Adding some nutrition
can impact bone density, especially on the lower
limit (end points) of bone density (see Fig. 13). In
the case of absence of both nutrition and mechanical

Figure 11. Effect of metabolic factor b10 bone density.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 12. Effect of frequency of loading: (a) time evolution of bone density with normal frequency and (b) with 7 times
smaller frequency. [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 13. Influence of nutrition on bone remodeling.
[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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loading, the lower limit of bone density (i.e., the
sum of old bone and new bone) was 0.31 g/cm3

[Fig. 12(a)]. However, when nutrition was added,
new bone was formed and the value of the lower
limit is 0.53 g/cm3 [0.31 (old bone) þ 0.22 (new
bone)], which is an increase of 41.5% in bone den-
sity. This increase in bone density predicted by the
thermodynamic model is comparable to some clini-
cal studies on the effect of PTH on bone cells.68,69

One study using cells from rat calvaria showed that
consistent administration of PTH increased calcium
uptake about 30–40% of the control value,68 while
the second study on the effect of parathyroid hor-
mone-related peptide (PTHrP) on osteoblast-like cell
line found an increase in cell number by 50%.69

DISCUSSION

In this study, a novel model for bone remodeling
based on irreversible thermodynamics principles was
proposed. The model linked metabolic factors to me-
chanical ones using irreversible thermodynamics. This
model calculated the time evolution of bone properties
(i.e., molar concentrations and young modulus in dif-
ferent parts of bone). It was applied first to simulate
time evolution of bone density in a healthy femur.

There are several bone adaptation theories (remod-
eling models), but a large portion of these theories is
based on the influence of mechanical load.5–7,62,70,71

Some of these models suggested that in the absence
of stress, bone will resorb completely. This statement
disagrees with in vivo observances. When limbs are
placed in casts (i.e., the bone loading is minimal),
bone is rapidly lost and reaches a new steady state
after about 50% bone loss.54 On the other hand, there
are a few biological cell-based models12 for bone reg-
ulation, but they neglecting the effect of mechanical
stimulus, which is known to play an important role
in bone remodeling. Another model which takes into
account biochemomechanical affinity was recently
proposed by Rouhi et al.11 This model is intended
for bone resorption and could be extended to bone
adaptation and growth according to the authors.

Numerical simulations of bone density distribu-
tions roughly agreed with X-rays of a healthy femur
and with results obtained using the strain energy
model. The proposed thermodynamic bone remodel-
ing (TBR) model suggested the existence of a rela-
tionship between the dynamic loading and chemical
reaction which induces change in bone tissue density
as prescribed by nonequilibrium thermodynamics.
Contrary to some continuum-based models, which
state that without mechanical stimulus bone is com-
pletely resorbed.4,7,61,72 The current model suggested
that in the absence of mechanical stimuli, bone is
par partially resorbed and bone remodeling is driven

by metabolic factors and external contributions such
as nutrition. This is consistent with clinical observa-
tion.54 The model also suggests that lower frequen-
cies decrease bone density, thus according to the
model weak bones under low frequencies may be
prone to fracture. This claim is supported by evi-
dence from the literature.63 In addition, the model
showed that metabolic factors such as the sum of
initial concentrations of active bone and osteoid (e.g.,
b7 and b10) play an important rule in preventing
from bone loss and promoting the formation of new
bone. This is consistent with previous study on the
multiple effects of metabolic factors on bone cell pro-
liferation and differentiation rates.12,68,73

Limitations of the model

The proposed model was originally intended as a
simplified model of bone metabolism remodeling,
which includes only two stages, i.e., bone formation
and resorption. Although this simplified model
presents many features of bone remodeling in com-
parison with classical models, the main limitation
of the TBR model is caused by the difficulty to
adjust different parameters (biochemical ones). The
values of these parameters which characterize the
chemical reactions are not known, and in order to
obtain them experimental measurements are
needed. For instance, the characteristic time of the
mechanical stimuli, which is included in the meta-
bolic constant kq and is equal to 	1028 s, was meas-
ured using a microfluidic model developed by
Schmidt et al.,74 in which the pressure wave propa-
gation in bone fluid with a speed of sound and a
geometrical dimension of 	1500 m/s and 10 nm,
respectively were used.

The partial solution of this problem (i.e., values of
different parameters such as chemical concentrations
of substances) may be found in comparing calcu-
lated results for a given set of parameters with real
data from clinical observation and adjusting them
accordingly. Another limitation in this study is the
fact that only two metabolic factors were varied
throughout the bone. As mentioned earlier, this limi-
tation is due to the lack of information about these
metabolic parameters and also the difficulty to adjust
them. Further research (both experimental and nu-
merical) is needed to determine the values of these
parameters and improve the model accordingly.
Nevertheless, this simplified model is the first step
in the development of a new framework for bone
remodeling based on nonequilibrium thermodynam-
ics. The preliminary results obtained (i.e., patterns of
bone density) as well as the model’s features (e.g.,
dynamic loading, frequency of load and nutrition)
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were generally comparable to the literature and clini-
cal observation.7,54,68,69

CONCLUSIONS

Bone remodeling is a complex process which
involves interactions between mechanical, chemical,
and biological parameters. In this investigation, a
new thermodynamic-based model for bone remodel-
ing was presented. The model took into account the
interaction between mechanical and biochemical fac-
tors involved in the process of bone remodeling. Ir-
reversible thermodynamics and chemical kinetics
were used to derive the mathematical equations gov-
erning this process. This preliminary model provides
valuable information about the time evolution of the
bone properties (e.g., bone density and elastic modu-
lus), the effect of mechanical loading and some met-
abolic factors, as well as nutrition and frequency of
loading. A modified version of this preliminary ther-
modynamic model was used in a related study to
predict the functional adaptation of bone after total
hip replacement surgery.23 The evolution of the bone
density calculated by the thermodynamic model was
comparable to that shown in clinical data.

APPENDIX A

Michaelis-Menten reaction

The irreversible Michaelis-Menten scheme is given
by the following relation

Eþ S �
kþ1

k�1

C �!k2 Eþ P ðA1Þ

where E is the enzyme, S is the substrate, C is the
enzyme-substrate complex, P is the product and ki (i
5 21, 1, 2) are the rate coefficients.

The kinetic approach to the Michaelis-Menten
mechanism of enzyme reactions leads to the follow-
ing equations

d S½ �
dt

¼ �k1 E0½ � S½ � þ k1 S½ � þ k�1ð Þ C½ �
d C½ �
dt

¼ k1 E0½ � S½ � � k1 S½ � þ k�1 þ k2ð Þ C½ �
d P½ �
dt

¼ k2 C½ �
E½ � þ C½ � ¼ E0½ �
S½ � þ C½ � þ P½ � ¼ S0½ �;

ðA2Þ

where square brackets [] denote concentrations, [E0]
and [S0] are the initial concentrations of enzymes
and substrate, respectively, and t is the time.

Egnetik and Deakin28 put these equations into a
dimensionless form using a slightly modified version
of Heineken et al.38

s ¼ k1 E0½ �t; y ¼ S½ �=S0½ �; z ¼ C½ �= E0½ �;
l ¼ E0½ �=S0½ �; m ¼ k2= k1 S0½ �ð Þ;h ¼ k�1= k1 S0½ �ð Þ;

ðA3Þ

The differential equation become

_y ¼ �yþ yþ hð Þz
l _z ¼ y� yþ mþ hð Þz; ðA4Þ

where the dot indicates differentiation with respect
to s.

APPENDIX B

Model’s assumptions

1. Fluxes of substances, Ji, are constant in time
2. Existence of stationary solution
3. Linear relations among fluxes
4. Remodeling is carried out by the cooperation

of osteoclasts and osteoblasts that are formed
in a ‘‘cutting cone.’’ These brigades are
attracted to specific site by some local factors,
which are created only when needed. Thus,
remodeling does not need to run in every ele-
ment simultaneously.

5. In the present model, it is assumed that it
actually proceeds in every element, but over
time each iteration shows that the formal dif-
ference vanishes.

Concentration of all remaining substances

Based on the definition of the reaction rate,37 the
reaction rates for equations (q 5 1, 5) can be written
as follows

q ¼ 1 ! merge of osteoclasts;
w1 ¼ kþ1n1n2 � k�1n3n4 þ l1vd 1ð Þ

q ¼ 2 ! resorption of osteoblasts;
w2 ¼ kþ2n3n5 � k�2n6

q ¼ 3 ! activation of osteoblasts;
w3 ¼ kþ3n2n5 � k�3n7n8 þ l3vd 1ð Þ

q ¼ 4 ! merge of osteoid;
w4 ¼ kþ4n7n9 � k�4n10n11

q ¼ 5 ! deposition of newbone;
w5 ¼ kþ5n12n10 � k�5n13n14

ðB1Þ
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The concentrations of all remaining chemical sub-
stances are calculated using the following relations39

n1 ¼ b1 þ n2

n3 ¼ b3 � n2 þ n5 þ n8 þ n11 þ n14

n7 ¼ b7 � n5 � 2n8 � 2n11 � 2n14

n10 ¼ b10 � n11 � n14

n13 ¼ b13 � n14

ðB1Þ

where bi are sum of corresponding initial concentra-
tions (e.g., b10 5 n10,0 þ n11,0 þ n14,0).

APPENDIX C

Model analysis

To have a concept of solution behavior, it is useful
to examine the existence and stability of stationary sol-
utions.75 If the rate of the forward reaction is assumed
to be much greater that the backward rate (i.e., kþr 

k2q, (kþq 
 k2q, Vq)), it is possible to find a stationary
solution. In addition, if we realize that all normalized
concentrations (Ni) should be positive (therefore sta-
tionary solutions will exist too), then there will be at
most one fixed point corresponding to39

NMCELL ¼ 1=2 �b1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
1 þ 4

�D1 þ J3 þ J14
d1

s !

NOld B ¼ 1=2 � b7 þ 2b3 � 2NMCELLð Þ½ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b7 þ 2b3 � 2NMCELLð Þ2 þ 4

J14 �D3

d3
þ 2 J14 �D2ð Þ

� �s #

NActiv B ¼ 1=2 � b10 þ
1

2
NOld B � b7 þ

J14 �D3

d3NOld B

� �� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b10 þ

1

2
NOld B � b7 þ

J14 �D3

d3NOld B

� �� �2

þ 4
J14 �D4

d4

s 3
5

NOsteoid ¼ 1=2 � b13 � b10 þ
J14 �D4

d4NActiv OB

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b13 � b10 þ

J14 �D4

d4NActiv OB

� �2

þ 4
J14 �D5

d5

s2
4

3
5

NNew B ¼ �NOsteoid � b10 �
J14 �D4

d4NActiv OB

ðC1Þ

where Ni is the positive normalized concentration in
stationary solution.

APPENDIX D

Conditions for Osanger coefficients

By substituting Eqs. (9) and (10) into Eq. (8), the
following quadratic equation is obtained,

lvvd 1ð Þ þ lvqAq
� �

d 1ð Þ þ lqvd 1ð Þ þ lqqAq
� �

Aq � 0

As lvq 5 lqv (Osanger’s reciprocal relation), the
aforementioned equation can be amended as follows

lvv
d 1ð Þ
Aq

� �2

þ2lqv
d 1ð Þ
Aq

� �
þ lqq � 0

This in equation is satisfied only if

lvv > 0 & lqq > 0 and

�1 < q ¼ lvqffiffiffiffiffiffiffiffi
lvvlqq

p < 1

(
ðD1Þ
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